We compare several standard polarized double-zeta basis sets for use in full configuration interaction benchmark computations. The 6-31G**, DZP, cc-pVDZ, and Widmark-MalmqvistRoos atomic natural orbital ͑ANO͒ basis sets are assessed on the basis of their ability to provide accurate full configuration interaction spectroscopic constants for several small molecules. Even though highly correlated methods work best with larger basis sets, predicted spectroscopic constants are in good agreement with experiment; bond lengths and harmonic vibrational frequencies have average absolute errors no larger than 0.017 Å and 1.6%, respectively, for all but the ANO basis. For the molecules considered, 6-31G** gives the smallest average errors, while the ANO basis set gives the largest. The use of variationally optimized basis sets and natural orbitals are also explored for improved benchmarking. Although optimized basis sets do not always improve predictions of molecular properties, taking a DZP-sized subset of the natural orbitals from a singles and doubles configuration interaction computation in a larger basis significantly improves results.
I. INTRODUCTION
Wave function based quantum chemical methods approach the exact solution to the electronic Schrödinger equation as the basis set and the treatment of electron correlation are simultaneously improved. In recent years, considerable progress has been made in understanding convergence toward the complete basis set limit. [1] [2] [3] [4] [5] [6] [7] It has been more challenging to investigate the convergence of electron correlation because full configuration interaction ͑FCI͒, which provides the exact solution of the electronic Schrödinger equation within a given basis set, has a computational cost that increases factorially with the number of electrons or orbitals.
Fortunately, both algorithmic advances [8] [9] [10] [11] [12] [13] [14] [15] and improvements in computer hardware have made full CI benchmarks less computationally expensive. Whereas full CI benchmarking in the 1980s and early 1990s focused almost exclusively on single-point energies, it is now possible to perform geometry optimizations and even frequency analysis for very small molecules using full CI to examine the effect of higher-order correlation on molecular properties. 16 -24 It is also now possible to afford enough full CI computations to generate potential energy curves, [25] [26] [27] [28] which are beneficial for assessing the reliability of standard quantum chemistry methods for bond-breaking reactions.
In light of these expanded possibilities, it is important to ask which basis sets are best for full CI benchmarking. Since full CI computations with basis sets larger than polarized double-zeta are rarely possible, we compare several standard basis sets of this size to determine their suitability for the computation of full CI molecular properties. Specifically, Dunning's DZP and cc-pVDZ basis sets, Pople's 6-31G** basis, 30 and the Widmark-Malmqvist-Roos atomic natural orbital ͑WMR ANO͒ polarized 31 double zeta basis sets 1, [29] [30] [31] are used to compute spectroscopic constants for the ground states of the BH, CH ϩ , NH, OH ϩ , HF, and C 2 molecules. The use of variationally optimized scale factors and natural orbitals are examined for their ability to provide improved one-particle spaces for the full CI. Natural orbitals ͑NO's͒ are those orbitals which diagonalize the one-particle density matrix; they provide the most rapidly convergent CI expansion in the sense that to achieve a given accuracy requires fewer configurations in a natural orbital basis than in any other orthonormal basis for a given underlying oneparticle space. 32 The NO's are ordered according to their occupation numbers ͑one-particle density matrix eigenvalues͒, and larger occupation numbers reflect larger contributions to the CI wave function from which the orbitals are derived. Hence, one might expect that the most important m orbitals from a natural orbital computation should provide a compact orbital subspace for a subsequent full CI computation. Here we investigate the efficiency of performing CI singles and doubles ͑CISD͒ computations in the large ccpVQZ basis set and taking the m most important NO's, where m is equal to the number of orbitals present in a polarized double-zeta basis. This procedure gives far better results than any of the standard basis sets considered.
II. THEORETICAL APPROACH
Several spectroscopic constants and dissociation energies of the ground states of BH, CH ϩ , NH, OH ϩ , HF, and C 2 were determined using the full CI method as implemented in the DETCI program 33 in PSI 3.0.
The customary rotational and vibrational energy level expressions for a diatomic molecule are
͑1͒
G͑v ͒ϭ e ͑ vϩ 
͑2͒
with B v and D v defined as
We have determined the harmonic vibrational frequency, e , anharmonicity constant, e x e , rotational constant, B e , vibration-rotation coupling constant, ␣ e , and the centrifugal distortion constant, D e , using second through fourth-order force constants, f rr Ϫ f rrrr . The force constants were computed using tightly converged energies (ϳ10 Ϫ10 hartrees) from 5 geometries equally distributed around the equilibrium bond distance. The dissociation energies were computed using the supermolecule approach for all cases. 35 Computations were performed using five standard basis sets. The 6-31G** basis set is contracted as (10s4p1d/3s2p1d) and (4s1p/2s1p) for first-row elements and hydrogen, respectively. 30 The Huzinaga-Dunning DZP basis set 29, 36 is contracted as (9s5 p1d/4s2 p1d) and (4s1p/2s1p), and Dunning's correlation consistent ccpVDZ basis set 1 is contracted as (9s4 p1d/3s2p1d) and (4s1p/2s1p). The WMR-ANO basis set is contracted as (14s9p4d/3s2p1d) and (8s4p/2s1p). 31 The five basis sets use a different number of d functions; 6-31G**, DZP, and WMR-ANO use six Cartesian d functions, while it is customary to use five pure angular momentum d functions for cc-pVDZ. The effect of varying the number of d polarization functions was examined by using cc-pVDZ with 6 Cartesian d functions and 6-31G** with 5 pure angular momentum d functions, designated cc-pVDZ(6d) and 6-31G**(5d), respectively.
To investigate the possibility of improving results without increasing the size of the basis, a modified 6-31G** basis for BH was constructed by optimizing a scale factor for each atom, i.e., the primitive Gaussian exponents are multiplied by the square of the scale factor ͑excluding the core function͒. This basis set is denoted 6-31G**(opt). In an alternative strategy, separate CISD/cc-pVQZ natural orbital computations were performed at each geometry and the NO's with the largest occupation numbers were retained to form a set of molecular orbitals, denoted DZP-NO, having the same number of orbitals as cc-pVDZ ͑the remaining weakly occupied NO's were discarded͒. Core orbitals were constrained to be doubly-occupied in all computations, and for the DZP basis the corresponding high-lying virtual orbitals were deleted.
III. RESULTS AND DISCUSSION
Total electronic energies and spectroscopic constants are presented in Tables I ͑BH͒, II ( 
A. Comparison of standard basis sets
In general, improved descriptions of electron correlation result in larger predicted bond lengths, while larger basis sets result in shorter predicted bond lengths. Systematic studies have shown that highly correlated methods such as CCSD͑T͒ can require large basis sets ͑often triple or quadruple zeta͒ to provide very accurate predictions of bond lengths, 39, 40 although CCSD͑T͒ harmonic vibrational frequencies are predicted surprisingly well by the modest DZP or cc-pVDZ basis sets. 41 One might expect that full CI, representing the complete treatment of electron correlation for a given basis set, might require even larger basis sets. However, the present full CI spectroscopic constants are generally in good agreement with experiment. Bond lengths are systematically overestimated, with the most severe overestimates occurring for the WMR ANO basis ͑errors of about 0.03 Å for BH, CH ϩ , and C 2 ). The average absolute errors ͑cf. Table VII͒ are around 0.01-0.02 Å for the standard basis sets except for 6-31G**, which gives lower errors of 0.007 Å. This compares to an average overestimation of 0.02 Å for single bonds in several small molecules at the CCSD͑T͒/cc-pVDZ level of theory reported by Martin; 39 hence, the basis requirements of full CI do not seem significantly different from those of CCSD͑T͒. The rotational constant B e , which depends on the equilibrium bond length, is likewise predicted most accurately for 6-31G** ͑1.2% error͒ and least accurately for WMR-ANO ͑4.3% error͒.
Although most quantum chemical methods generally overestimate harmonic vibrational frequencies, highly correlated methods such as CCSD͑T͒ occasionally underestimate them. 39 Here, too, we find that several full CI harmonic vibrational frequencies underestimate experiment. The WMR ANO basis, which gives the largest overestimations of bond lengths, usually provides the lowest predicted vibrational frequencies. The average absolute errors for harmonic frequencies are close to 1%-2% for any of the standard basis sets considered, which is again similar to the average error in CCSD͑T͒/cc-pVDZ harmonic frequencies reported by Martin. 39 Vibrational anharmonicities are predicted with roughly similar accuracies for all of the standard basis sets ͑4%-7%͒, although cc-pVDZ is best on average. Likewise, predictions of vibration-rotation interaction constants ␣ e are of comparable quality across the standard basis sets ͑3%-5% errors͒. These results compare to average absolute errors of 6%-9% ( e x e ) and 5%-8% (␣ e ) for CCSD͑T͒ with polarized double-zeta basis sets for a few diatomic molecules. 42 Centrifugal distortion constants, depending on B e and e , are predicted best by 6-31G** and with roughly similar accuracy among the other standard basis sets.
Dissociation energies are more challenging to compute because accurate estimates can require very large basis sets. For example, in N 2 , i-type polarization functions were found to contribute 0.4 kcal mol Ϫ1 to the dissociation energy. 43 For the standard polarized double-zeta basis sets considered, the errors in D e are generally within 0.5 eV except for HF and C 2 , and the average absolute errors are 8%-10%. The 6-31G** and DZP basis sets perform slightly better on average. The full CI results underestimate D e because the po- larized double-zeta basis sets are not sufficient to accurately describe dynamic electron correlation around equilibrium. Since the basis set requirements for CI singles and doubles ͑CISD͒ are less severe than for full CI, it is possible for CISD to be more accurate than full CI when a polarized double-zeta basis set is used. For the CISD/cc-pVDZ level of theory, the average absolute errors in spectroscopic constants of the first row hydrides 5 are 0.013 Å (r e ), 0.7% ( e ), 3.0% ( e x e ), 2.2% (B e ), 3.7% (␣ e ), and 11% (D e ). These results are comparable to and in some cases slightly better than our present full CI results due to a cancellation of errors between the CISD approximation and the limited cc-pVDZ basis set. This error cancellation cannot happen for full CI, since the treatment of electron correlation is exact. Fortunately, however, this lack of error cancellation between full CI and polarized double-zeta basis sets does not lead to large errors in predicted spectroscopic constants. This suggests that basis sets of this size are already large enough for meaningful benchmark studies on the effects of higher levels of electron correlation on molecular properties.
In the present study, 6 d functions were used for the 6-31G**, DZP, and WMR-ANO basis sets. One might suppose that the additional d function could offer a slight advantage to these basis sets. This possibility was explored by performing additional computations with the cc-pVDZ basis using 6 d functions, denoted cc-pVDZ(6d); spectroscopic constants changed very little compared to 5 d functions, with bond lengths shortening by about 0.001 Å or less and frequencies changing by just a few cm Ϫ1 . This suggests that 6 d functions offer very little advantage over 5, while the computational cost of adding an additional d function per heavy atom will increase the cost of the full CI significantly. The differences between 6-31G**(5d) and 6-31G**(6d) are also insignificant, thus supporting the idea of using pure angular momentum d functions if limited by computational resources.
Overall, the average absolute errors in Table VII show that full CI properties computed with the 6-31G** basis are generally better than for the other standard basis sets considered, while the WMR ANO basis gives some of the largest errors compared to experiment. However, except for bond lengths, there is not a large difference among the basis sets considered.
B. Variationally optimized basis sets
We investigated the possibility of obtaining better results using optimized basis sets. For BH, the 6-31G** basis was modified by optimizing the scale factors for the boron and hydrogen valence functions to give the lowest full CI energy at R(B-H)ϭ1.20 Å. The scale factors thus obtained were 0.93 ͑B͒ and 0.92 ͑H͒, and the optimized basis sets multiplied the primitive Gaussian exponents by the square of the scale factor except for the primitives comprising the B 1s function. The resulting spectroscopic constants in Table I , labeled 6-31G**(opt), are improved in some cases, but worse for others compared to the regular 6-31G** basis. The equilibrium bond length prediction is made worse by 0.01 Å.
C. Using natural orbitals to obtain correlating orbitals for full CI benchmarks
As discussed in the Introduction, natural orbitals can provide a very compact orbital subspace for use in CI computations. Here we obtained CISD/cc-pVQZ natural orbitals and deleted the most weakly occupied NO's to achieve the same number of orbitals as in a polarized double-zeta basis set like cc-pVDZ. Full CI computations were then performed in this truncated natural orbital set denoted DZP-NO. The equilibrium full CI energies are much lower with the DZP-NO orbitals than for any of the standard basis sets, and the spectroscopic constants are much more reliable on average. The average absolute error in r e drops to a mere 0.003 Å, while for e it is reduced to 0.7%. Similarly, B e , D e , and the dissociation energy are all improved substantially. The quality of the DZP-NO results does not appear to improve significantly by using a larger basis to generate the natural orbitals. For BH, the natural orbitals were also obtained from the cc-pV5Z basis, yielding a set labeled DZP-NO ͑5Z͒ in Table I ; the results are very similar to the cc-pVQZ generated DZP-NO values.
IV. CONCLUSIONS
Several standard polarized double-zeta basis sets have been compared for their suitability in full configuration interaction benchmarking by determining their reliability for the spectroscopic constants of several diatomics. The performance of the basis sets is similar, but 6-31G** is better on average. Although full CI might be expected to have very large basis set requirements, the predicted spectroscopic constants are in good agreement with experiment and exhibit errors similar to those of CCSD͑T͒ and not much worse than CISD with similar basis sets. This suggests that the effects on molecular properties of electron correlation beyond CCSD͑T͒ can be reasonably examined in DZP-sized basis sets. The optimization of basis scaling factors did not significantly improve spectroscopic constants for BH. The use of DZP-sized sets of natural orbitals gave results far superior to those of the standard basis sets and may provide considerably more rapid convergence to the complete basis set limit for highly correlated wave functions. 
